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Abstract. We study the algebra of conformal endomorphisms Cendn'^ of a 

finitely generated free module M„ over the coordinate Hopf algebra H of a 

linear algebraic group G. It is shown that a conformal subalgebra of Cendn 

G G 

acting irreducibly on M„ generates an essential left ideal of Cend„ ' if enriched 
with operators of multiplication on elements oi H. In particular, we describe 
such subalgebras for the case when G is finite. 



Introduction. The notion of a conformal algebra was introduced in as a tool for 
investigation of vertex algebras [51 [3] . From the formal point of view, a conformal 
algebra is a linear space C over a field k (char k = 0) endowed with a linear operator 
T : C C and with a family of bilinear operations (• n ^ ^+ (where Z_|_ stands 
for the set of non-negative integers), satisfying the following axioms: 

(CI) for every a,b € C there exists N G Z+ such that (a „ 6) = for all n > N; 

~n{a n-i b), n > 



(C2) {Ta „ b) = T{a „ 6) - (a „ Tb) 



0, n = 



One of the most natural examples of a conformal algebra is the Weyl conformal 
algebra W = k[T]®^ ~ k[T, ii], where the operations (• „ •) are defined as follows: 



r, s e Z+, f,h G k[v]. Hereinafter, T^™) = T"^/m\ (it is suitable to suppose 
r(™) = for m < 0), d — d/dv is the ordinary derivation with respect to the 
variable v. 

The collection of operators W = {{a n ■) & EndW : a G W, n e Z+} is 
a subalgebra of the algebra of linear transformations of the space W, moreover, 
W ^ Ai — k{x,d I dx — xd — 1), i.e., W is isomorphic to the first Weyl algebra 
(this is a reason for the name of the conformal algebra W). 

The canonical representation of Ai on the space of polynomials gives rise to 
the natural action of the conformal algebra W on k[r]. Namely, the family of 
operations (•„•): W (g) k[T] k[T], n G Z+, given by 

TW/(t;) „ t(^) - (-l)^(^'^'^r(^+'-")/(r), / G kH, r,s>0, 

satisfies the conditions similar to (CI) and (C2). 

For an integer > 1, the set M„(>V) of all matrices of size N over W is also a 
conformal algebra (denoted by Cendjv [HIl]) which acts on the space of columns 
Mtv — k[T] g) k^ by the ordinary matrix multiplication rule. 
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In [I], V. Kac stated the problem to describe irreducible conformal subalgebras 
C C CendAT, i.e., such that there are no non-trivial k[r]-submodules of Mn invari- 
ant with respect to the operators (a „ •), a G C, n G Z+. In 5j, such a description 
was obtained for iV = 1 and also for the case when C is a finitely generated module 
over k[r]. In the same paper, a conjecture on the structure of irreducible subalge- 
bras of Cend„ was stated. The conjecture was proved in . 

The classification of irreducible conformal subalgebras of CendAr leads to a de- 
scription of a class of "good" subalgebras of the matrix Weyl algebra Mjv(Ai) 
acting irreducibly on Mjv (see [7]). Note that the problem of description of all such 
subalgebras of Mjv(74i) remains open even for iV = 1. 

In the present paper, we consider the notion of a conformal algebra over a linear 
algebraic group G. The class of such algebras includes ordinary algebras over a 
field (for G — {e}) and conformal algebras (for G = ~ (k, -I-)). On the other 
hand, the notion of a conformal algebra over G is equivalent to the notion of a 
pseudo-algebra over H, where H — k[G] is the Hopf algebra of regular functions 
(coordinate algebra) on G. 

The analogue of Cendjv in the class of conformal algebras over G can be con- 
sidered as a collection of transformation rules (satisfying certain conditions) of 
the space of vector-valued regular functions u : G — > by means of elements 
of the group G. For example, the left-shift transformation L : ^ i—^ Lj, where 
{L^u){x) — u(7x), 7,a; G G, belongs to CendAr. 

We will prove a generalization of the main result of [6j for the case of an arbitrary 
linear algebraic group G. For G = {e} this would be the classical Burnside Theorem, 
and if G = then it turns out to be crucial point of proof of the conjecture from 
[5]. We will apply the result obtained in the case of "intermediate" complexity to 
describe irreducible conformal subalgebras over a finite group. 

1. Multicategories and operads. In this section, we state some notions related 
to operads [1] and multicategories (also known as pseudo-tensor categories [10 ). 

An ordered n-tuple of integers tt = (mi, . . . , m„), > 1, is said to be an n- 
partition of m if mi + • • • -|- m„ — m. The set of all such partitions is denoted by 
n(TO,n). Each partition tt G Il{m,n) defines a bijective correspondence between 
the sets {1, . . . , m} and {{i, j) | i = 1, . . . , n, j = 1, . . . , TOj}, namely, 

(«, j) ^ ih iY := TOi H h mi_i + j. 

For two partitions 

T = (pi, . . . ,p„i) G n(p, m), TT = (mi, . . . ,m„) G \l{m,n), 
define ttt G 11 (p, n) in the following way: 

TTT = (pi H |-Pmi,Pmi+l H ^ Pmi+m^, ■ ■ ■ ,Pm-m„ + l H \- Pm) ■ 

If tt: = (gi, . . . , qn) then for every i — 1, . . . , n let TTTi denotes the subpartition 

(PmiH \-nii-i + l: ■ • ■ iPmiH hnii 

) G n{q^,m^). 

Suppose ^ is a class of objects such that for every integer n > 1 and for every fam- 
ily Ai, ^4^, A G ^ there exists a linear space P^(Ai, . . . , v4„; A) — Pn{{Ai}; A) 
over a fixed field k. 

Also, suppose that for every Ai, . . . , A,n & A, Bi, . . . , Bn & A, G & A and for 
every n-partition tt = (toi, . . . , m„) of m there exists a linear map 

n 

Gomp^ : P„({BJ; G) ® (g) P„.({A(,,,), }; B,) ^ P^{Ai, . . . A^- C). (1) 

To shorten the notation, we will denote Comp'^((^, -^i, . . . ^ipn) by CoTixp" {ip, {il^i}) 
or by f>{ipi, . . . , V'n)j if the structure of a partition tt is clear. 
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The elements of the spaces Pn{{Ai}; B) are called multimorphisms (or n-mor- 
phisms), the family of maps Comp'^, tt S n(m, n), m,n > 1, is called a composition 
rule. 

A class A endowed with spaces of multimorphisms and a composition rule is 
called a multicategory if the following axioms hold. 

(Al) The composition rule is associative. The latter means that, given a col- 
lection of objects Ah,Bj,Ci e A (h = 1, . . . ,p, j = 1, . . . , m, i = 1, . . . , n), two 
partitions t = [pi, . . . ,pm) G n(p, m), tt = (mi, . . . , m„) e n(m, n), an object 

G yl, an n-morphism Lp e P„({Ci}; -D), and two collections of multimorphisms 

i^] ^ Ppj{{^(]dr}\Bj), j^l,...,m, e Pm.({B(i,t)^}; Ci), z = l,...,n, 
we have 

Comp^ ( Comp^((^, {x.}), {Vj}) = Comp^^ (^, { Comp^'(x„ {i'i^,t)})}) , 

where = {pn, . . . ,Pimi) are subpartitions of r. 

(A2) For every A ^ A there exists an "identity" 1-morphism \Aa G Pi {A; A) 
such that 

/(id^i, • . • ,idA„) = idA(/) = / 
for all/eP„({AJ;A),n>l. 

Let A and B be two multicategories. A functor from ^ to ;B is a rule F 
which maps an object A £ A to F{A) £ B va such a way that for every Lp G 
P^{Ai,...,A^-A) there exists F(^) e P^(F(Ai), . . . , F(A„); F(A)), where 

F(Comp^(^, {V-.})) = Comp^(F(¥.), {F(^,)}); 

P(idA) = idF(A), 

and the map ip i— > P(iy9) is linear. 

One of the most natural examples of a multicategory is the class VeCk of linear 
spaces over a field k with respect to 

P^^^H^i, . . . , A„; A) - Hom(Ai ®---®An,A), 

where the rule Comp is the ordinary composition of multilinear maps. 

The multicategory Vecik can be considered as a particular case of multicategory 
Ai*{H) of left unital modules over a (coassociative) bialgebra H (see [5] for details) . 

Let us consider one more example of a multicategory. For every integer n > 1 
denote by Alg(n) the linear space spanned by all binary trees with n leaves. Such 
a tree can be naturally identified with a bracketing on the word xi . . . Xn over the 
alphabet X = {xi,X2, . . . }. The composition of binary trees can be expressed as 
dD) by means of the composition of words as follows: 

Comp''(u,wi, ... ,Vn) 

= u(wi(x(i,l),., . . . ,a::(l,mi)^), . . . , W„(X(„,i)^ , . . . , X(^ri.m„)^)) (2) 

where tt G n(m, n), u = u(xx, . . . ,a;„) G Alg(n), Vi = Wi(xi, . . . G Alg(mi), 

j = 1, . . . , n. 

The class Alg which consists of a single object endowed with multimorphisms 
P„ = Alg(n) and the composition rule is a multicategory. A multicategory with 
a single object is known as operad. 

Definition 1 (see, e.g., [S]). An algebra in a multicategory ^ is a functor F from 
the operad Alg to A. 

Every functor F from Alg to A is completely defined by an object A € A 
and by a 2-morphism /i — F{xiX2) G P2^{A, A; A). If ^ = Vecjk then /i is an 
ordinary product; if ^ = M.*{H) then /i is called a pseudo-product. Algebras in the 
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multicategory M*[H) are known as pseudo-algebras over H, or H-pseudo-algebras 

An algebra F in the sense of Definition [T] is said to be associative if 

i^(a;i(a;2a;3)) = F{[xiX2)x'i). 

In order to define what is, for example, a commutative or Lie algebra, one needs the 
notion of a symmetric multicategory. In the present paper we consider associative 
algebras only, so we do not need a symmetric structure. 

2. Conformal algebras over a linear algebraic group. Consider a linear al- 
gebraic group G and the corresponding coordinate Hopf algebra H — k[G] with 
coproduct A, counit e, and antipode S. We will use the short Sweedler notation as 
follows: 

A(/i) = ® /i(2), (A ® idif)A(/i) = (idff (8)A)A(/i) = ® h^^) ® ^3), 
(S" idff )A(/i) = ® /i(2), iidH(^S)A{h) = (8)/i(_2), 

and so on. 

Denote by Lg, g Cz G, the operator of left shift on H, i.e., Lgh = h(^i-){g)h(2), 
h G H. It is clear that Lg^Lg^ = Lg^g^. 

Introduce the following multicategory structure on the class of all left uni- 
tal modules over the algebra H. Let Mi,...,M„,M be such modules, and let 
P„(Mi, . . . , Mn] M) stands for the space of all functions 

a : G""i ^ Homk(Mi ® • • • M„, M) 

such that 

• for every Ui € Mi, i — 1, . . . ,n, the map G"'~^ M defined by a; i-^ 
a{x){ui, . . . ,Un) is a regular M-valued function on G'^~^] 

• for every Ui € Mi, fi ^ H , i = 1, . . . ,n, gi, . . . , gn-i G G we have 

a{gi, . . . ,5„_i)(/iUi, . . . , fnUn) 

= h{9i^) ■ ■■ fn-i{9n-i){Lg, . . .Lg^_J„)a{gi, . . . ,5„_i)(ui, . . . ,u„). 

Define the following composition rule on the spaces mentioned above. Suppose 
we are given tt = (mi, . . . ,to„) G n(m, n), ij^i G PjnM^{i,jy}'^ ^i), i = 1,. ..,n, 
if £ Pn[{Mi}; M). Consider a family oi gj G G, j — 1, . . . ,m — 1, and put 7i = 
g(i,miY ■ ■ ■ 5(4,1)" G G for i = 1, . . . , n - 1, 5i = (3(^,1)^ . . . 5(i,m.~i)-) G G™'"^ for 
i ~ 1, . . . ,n (if mi = 1 then gi is void), 7 ~ (71, . . . , 7n-i) G G"^^ . Now, define 

Comp'" {ip, tpi, . . .,tpri){gi, ■ ■ ■ ,5m-i) = Comp''{Lp{j),ipi{gi), . . . , i/'n (5« ) ) , (3) 

where Comp in the right-hand side means the composition rule of the multicategory 
Veck. 

Let us denote the multicategory constructed above by A4*{H), since it is not 
difficult to note that this is a particular case of the multicategory from 8J . 

Definition 2. A conformal algebra over a linear algebraic group G is an algebra 
in the multicategory M*{H), H — k[G]. 

In the language of "ordinary" algebraic operations a conformal algebra over G 
can be defined as a left _ff-module C endowed with a family of k-linear operations 
{■ J ■) : C IS) C ^ C, £ G, such that for every a,b £ C , h E H , g e G we have: 

(Gl) the map (a x b) : "f {a ^ b) is a regular G-valued function on G; 
(G2) [ha g b) ^ h{g-^){a g b); 
(G3) (a g hb) = Lgh{a g b). 
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A conformal algebra over a trivial group G — {e} is just an ordinary algebra 
over the field k; if G = A} (the affine line) then we get the definition of a conformal 
algebra [1] in terms of A-brackets; in the case G = GLi(k) we obtain the notion of 
a Z-conformal algebra [TT] . 

The associativity property of a conformal algebra can be easily expressed in 
terms of the operations (• g ■) by means of computation the images of xi{x2X^) = 
Comp'-^'^-'(a;iX2, xi, a;iX2) and (xia;2)a;3 = Comp^^'^-* (xia;2, a;ia;2, According to 
([3]), a conformal algebra C over G is associative if and only if 

a g {h ^ c) = {a gh) c (4) 

for all a,b,c £ C, g,j £ G. 

Example 1. Let A be an i?-comodule algebra, i.e., a (not necessarily associative) 
algebra equipped by a coaction map Aa : A ^ H ^ A such that 

• Aa is a homomorphism of algebras; 
. (A ® idA)AA = [idn ®Aa)Aa. 

We will use the Sweedler notation for A^ as well as for A. Then the free i?- module 
C = H ® A under the operations 

{h®a)-y{f®b)^h{-i-^)b(i){-i)L-yf®ab(2), J e G, f, h e H, a,b e A, (5) 

is a conformal algebra over G. Moreover, if A is associative then G satisfies (U)). 
Following [12], denote the conformal algebra C obtained by Diff(A, Aa)- 

Note that an arbitrary algebra A is an i7-comodule algebra with respect to the 
coaction A^{a) = 1 ^ a, a € A. The conformal algebra Diff (A, A^) is called the 
loop algebra or current algebra over A, denoted by Cur^^. 

3. Conformal linear maps. Let M and N be linear spaces over the field k. The 
set Hom(M, TV) is a topological linear space with respect to the finite topology (see, 
e.g., [15). In that sense, a sequence {ak}k>o C Hom(M, A^) converges to a map 
a £ Hom(M, A^ ) if and only if for every finite number of elements ui , . . . , u„ £ M 
there exists a natural m such that ak{ui) — a{ui), i = 1, . . . ,n, for all k > m. 

Definition 3. A map a : G ^ Hom(M, A^) is said to be locally regular if for every 
u e M the map z a{z)u, z S G, is a regular A^-valued function on G. 

Let {hi}i^j be a linear basis of H over k. Consider the dual space H* endowed 
with a topology defined by the basic neighborhoods of zero of the form 

X{ii, . . . ,i„) = (Span,j{/iii, . . . ,hi^})-^ C H* , ik e I, A: = 1, . . . ,n, n > 0. 

It is clear that, up to equivalence, the topology does not depend on the choice of 
basis in H. 

Suppose a : G ^ Hom(Af, A^) is a locally regular map. Then for every u G M 

the function a{x)u : G ^ N can be presented as a{x)u = ^ hi®Vi G H®N , where 

iei 

a{z)u — ^ hi{z)vi. For any ^ G H* define S,(^) G Hom(Af, A^) in the following way: 
is/ 

a{£,) -.u^ {{£„■) ®id){a{x)u), ueM. 

Let us denote by a the linear map H* Hom(Af, N) which maps ^ to a(^). 

Lemma 1. 1. If a is locally regular then a is continuous with respect to the finite 
topology on Hom(Af, A). 

2. For any continuous linear map a : H* Hom(A/, A) there exists a locally 
regular a : G Hom(Af, A) such that a — a. 
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Proof. 1. Due to the local regularity of a, for every ui, . . . ,Un S M there exist only 
a finite number of basic hi-^, . . . , hi^ G H that appear in the presentations oia[x)uj , 
j — 1, . . . , 71. Therefore, if ^ G • ■ • j *m) then a(^)Mj = for all j = 1, . . . , n, 

i.e., a(^) ^ as ^ — > with respect to the finite topology on Hom(Af, N). 

2. For each i G / denote by the element of H* defied by the rule {^i, hj) — 6ij, 
i,j G /. For a fixed m G M the set {i G / | a{^i)u ^ 0} is finite. Hence, we may 
consider the map a{cj) G Hom(M, A^), g ^ G, given as follows: 

The function a{x)u : g t— > a{g)u is regular, and for the locally regular a : G 
Hom(M, N) we have d — a. □ 

Let Gi, G2 be two linear algebraic groups, Hi = k[Gi], i = 1,2, be the corre- 
sponding Hopf algebras, then lk[Gi x G2] = Hi® H2- 

Suppose we are given a locally regular map a : Gi x G2 ^ Hom(A/, A^). For 
every ^ G HI, u G M define 

y)u = ((C, •) ® idffa ® idjv)(a(a;, 

where {x,y) is a variable that ranges over Gi x G2. We obtain a function 

5 : il* X G2 ^ Hom(M, N), z) z), i G iJi*, z G G2. 

Lemma 2. for every z G G2 i/ie map ^ t-> a(^, z) is continuous. For every ^ G 
the map z i-^ a(^, z) is locally regular. 

Proof. If u G M , {hi\ and {/j} are bases of Hi and iJ2, respectively, then a{x, y)u = 
^ /ii(a;) ® fj{y) ® Vij, where the sum is finite. Both statements obviously follow 

from this presentation. □ 

Let F be a G-set, i.e., a Zariski closed subset of an affine space endowed with 
a continuous action of the group G. The algebra A of regular functions on V is 
an if-comodule algebra with the coaction : A ^ H ® A dual to the action of 
G on V . There exists a natural (right) representation of G on A by the left-shift 
automorphisms, namely, L : g ^ Lg, g € G, where {Lgf){v) = f{gv), f E A, 
vGV. 

The representation L, in particular, has the following properties: 

• for any f £ A the map g t— > Lgf is an A-valued regular map on G; 

• ig(/i/2) = Lg{fi)Lg(f2) for aU fi, f^ e A, g E G. 
Consider the space of operators that have the same properties as L. 

Definition 4. A conformal linear transformation (conformal endomorphism) of an 
A-module M is a locally regular map a : G ^ End M such that 

aig){fu) = Lgf[a[g)u), ueM, f eA, geG. (6) 

The property ^ is called translation invariance or T-invariance of the map a. 

Denote by Cend*^'^ M the space of all conformal endomorphisms of an A-module 
M. 

Introduce the following structure of an iJ-module on G — Cend'^'^ M: 

{fci){g) = f{g-')a{g), f eH, aeG, geG. (7) 
Also, consider the operations (• g ■), g E G, given by 

(a g b){z) = a{g)b{zg~^), a,beG, g,zeG (8) 
(it is easy to check that (a g 6) is a locally regular map satisfying ®). 
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Proposition 1. The space Cend^'^ M, where M is a finitely generated A-module, 
is an associative conformal algebra over G with respect to the operations 

Proof. Let us check the conditions (G1)-(G3) for the ff-module C = Cend*^'^ M. 
It follows from ® that ©, © satisfy (G2) and (G3). 

To check (Gl), consider u G M, a,b ^ C, z, g G. Relation lU implies that the 
map c : {g, z) ^ {a g b){z) € EndM is a locally regular function on G x G. Hence, 
by Lemma [21 for every ^ G H* the map c{(,,x) : G — > EndM, z i-^ c(^, z), locally 
regular. It is also clear that c(f , x) is T-invariant. Therefore, c(^, x) G G. 

Suppose ei, . . . , e„ G M is a set of generators of the i?- module M. There exist 
finite collections of elements f}k,h\,,, ffk,hff. & H, i,k — 1, . . . , n, such that 

n n 

b{x)e^ = flk{x) ® ffi^ek, a{x)e^ = ^ hl,^{x) ft-fcCfc. 

fc=l k=l 

Then 

n 

c(a:,z/)e, = {a ^ b){y)e, = a(a;)6(ya;"^)e, = ^ flk{yx^^)hli{x){L^ff^)hliei 

k,l = l 

n 

fc,i=i 

If ^ G iJ* is sufficiently close to zero then c(^, z)ei = for all z G G and for all 
i — 1, . . . , n. Therefore, c(^, x) = 0, and the function c : H* C, i-^ c(^, x) G G, 
is continuous with respect to the discrete topology on G. 

Let us fix a G G, ^ G H* and denote by a(^) G EndG the linear map that turns 
6 G G into c(^, x) G G, where c is constructed from a,b G C as above. Since c is 
continuous with respect to the discrete topology on G, the map a : ^ i— > a(^) is 
continuous with respect to the finite topology on EndG. By Lemma [IJ2), there 
exists a locally regular map oi : G ^ EndG such that ai(^) = a{£_) for every 
f G H*. 

Note that for all 5, z G G, G G, u G M we have 

(ai(5)6)(z)M ^Yh,{g){a{^)b){z)u = Yh,{g){{^,,-)i^ev^®id)c{x,y)u 

= (evg (g) ev2 id)c(x, y)u = {a g b){z)u, 
since X) ^i{9){^ii ') — 6Vg. Therefore, ai{g)b — {a g b) and the function (a a, 6) is 
regular. 

Associativity of the conformal algebra Cend*^'^ M follows immediately from the 
definition of operations ([5]). □ 

The most interesting case is when M is a free A-module. Then one may identify 
M with the space of regular vector-valued functions on V , and Cend*^'^ M is a 
collection of transformation rules of this space by means of the group G (e.g., the 
left shift L belongs to Cend*^'^ M). 

If M is a free n-generated A-module then let us denote Cend'"^'^ M by Cend^'^. 
The structure of the conformal algebra Cend^'^ is completely described by the 
following statement. 

Theorem 1. The conformal algebra Cend^'^ is isomorphic to the conformal alge- 
bra Diff(A ® M„(k), ® id). 

Proof. Let us fix a basis {ek]^^i of a free A-module M . Then M is isomorphic to 
A® k". 
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An arbitrary element a e Cend^'^ is uniquely defined by a collection of regular 
M-valued functions a{x)ek ^ H ® M, k = 1, . . . , n. Assume 

where is a basis of H, {fj}jeJ is a basis of A, Vijk G k". Then 

Cn \ n 

5Z5fcefej= ^ ^h,{z)fjL^gkV,jk, 9k e A. 
fc=i / iei,jeJk=i 

Consider the linear maps aij G End k" ~ M„ (k) that are defined by their values on 
the canonical basis: a.^ efe ~ Wyfe, k — 1, . . . ,n. Denote 

C Difr(A ® M„(k), Aa ® id) = H (g) a (g) M„(k), 

and define 

$ : a $(a) = ^ ^(/li) /j (g) G C. 
ie/j'e./ 

The map $ : Cend^'^ C constructed is _ff-linear, and for all a,b G Cend^'^, 
z G G we have 

(a 2 6)(a;)efc = a(z)6(xz~^)efe = ^ hi{i)K(-2){z) ® a{z){f.jbijek) 

where the right-hand side is computed by ([5|). Therefore, $(a z b) = $(a) z ^C?*), 
G G, so $ is a homomorphism of conformal algebras. The inverse map is 
given by the rule 

/li (g) /j- g) a.y a G Cend^'^, 

ieijeJ 

where a{z) = J2 hi{z^^)fjLz ® aij G End7\/. Hence, $ is an isomorphism. □ 

Hereinafter, we identify Cend^'^ and the conformal algebra H ® A® M„(k) 
H ® Mn{A) with operations (O. 

Define an _ff-linear map JT: H ®A H(E)A as follows: J-{f ®a) — fa(^i) <ga(2)- 
This map is invertible: J-~^{h ® a) — ft.a(i) ® 0(2). We will also denote by J- the 
linear transformation JF ® id of the space H ® A® M„(k) ~ (g) M„(A). 

Proposition 2. 1. A right ideal o/Cend^'^ is of the form B = H(g)BQ, where Bq 
is a right ideal o/M„(A). 

2. A left ideal of Cend^'^ is of the form B — J-{H ® Bq), where Bq is a left ideal 
o/M„(A), 

3. Conformal algebra Cend^'^ is simple if and only if G acts transitively on V. 

Proof. Statements 1 and 2 can be proved in a routine way in accordance with a 
scheme from [5]. 

To prove the statement 3, assume _B is a two-sided ideal of Cend^'^. Then 
B = H (g) Bq as a right ideal, and Bq has to be a two-sided ideal invariant with 
respect to the left-shift action of G. This implies Bq = Aq ^ M„(k), where Aq is 
a G-invariant ideal of A = k.[V]. The converse is also true: if Aq is a G-invariant 
ideal of A then B — H (g Aq® M„(k) is a (two-sided) ideal of CendJ^'^. It remains 
to note that the coordinate algebra of a G-set V contains no non-trivial G-invariant 
ideals if and only if G acts transitively on V . □ 
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4. Algebra of operators. Consider the case when V = G and G acts on V by 
left multiplications. Then A ^ H, Aa — A. Let us denote by Cend„ the conformal 
algebra Cend^^'^. The main investigation tool of the conformal algebra Cend„ is 
the (ordinary) algebra generated by linear operators of the form a{g) £ EndM„, 
a £ Cend„, g € G. Throughout the rest of the paper, the field k is supposed to be 
algebraically closed. 

As above, we identify a free n-generatcd iJ-module M„ with iJ k" choosing a 
basis. 

Denote by Wn the linear span in EndA/„ of all operators of the form a{g), 
a S Cend„, g £ G. This is an (ordinary) associative subalgebra of EndAf„ since 
^ implies 

a{9)b{z) = {a g h){zg), 51, 52 e G. (9) 
Algebra Wn C EndA/„ is equipped by the induced finite topology. 

Example 2. It is easy to see that if a = ^ hi®hj® aij £ Cend„ then a{g) = 
hi{g^^)hjLg (E) ttij. Therefore, 

i.jei 

1) if G = {e} then W,, ^ Endk" ^ M„(k); 

2) if G = A^, chark = 0, then the algebra Wn consists of operators 

m 

A,(a;)e^'^, A, £ M„(k[a;]), £ k, m > 0, 

1=1 

that act on k[x] (E> k", where d is the ordinary derivation with respect to a;. 

Lemma 3. Suppose gi, . . . , he pairwise different elements of G, m > 1, and let 
U ^ G be a nonempty Zariski open subset. Then there exist /i , . . . , fm £ H such 
that 



Lgjl 


Lgi /2 ■ 


^91 /^Ti 




-^32/1 


-^32/2 ■ 




(z)^0 




Lg„j2 ■ 


^9m f'l'n 





(10) 



for some z d U . 

Proof. For m = 1 the statement is obvious. Assume the lemma is true for a 
collection of m — 1 pairwise different (72, • • • , 9m G G. Denote by h the determinant 
l-^3i/jkj=2,...,m £ H. Then U' ^ {z ^ U \ h{z) 7^ 0} is a nonempty open subset 
ofG. 

Consider an element gi £ G different from .92, ■ ■ • ,5m; then for any z £ U' the 
elements Zi = g^^z, i — 1, . . . ,m, are pairwise different. Choose /{£{/£ | 
/(Z2) — ■ ■ ■ ~ f{zm) — 0, f{zi) ^ 0}. Such a function /{ exists since zi does not 
belong to the closure of {z2, . . . , Zm} C G. Then /i = satisfies ([T(I|. □ 

The following statement leads to a "normal form" of elements of the algebra Wn- 

Lemma 4. 1. For every a £ Cend„, g £ G the equality (a g Cend„) = holds if 
and only if a{g) = 0. 

2. If^ttilgi) — 0, where gi £ G are pairwise different, then ai{gi) = for all i. 

i 

Proof. Statement 1 follows immediately from ([9|). 

m 

To prove 2, suppose ^ o-i{gi) = 0. Then for all / £ 

i=l 

m 

= 'Ya^{g^)f = YLgJa{gi) 

i—1 i 
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by Assume there exists u 6 M„ such that a{gk)u ^ for some k. Fix such an 
index k and denote by U the set of all z e G such that {a{gk)u)(z) ^ (we consider 
M„ as the module of regular lk"-valued functions on G). The set U is Zariski open, 
so by Lemma [3] there exist fi, . . . , fm G H such that h{z) ^ for some z ^ U, 
where h = det | Lg. fj \ . But 

m m 

= ^(a,(5,)/ju)(z) = ^(igJj)(z)(a(gOM)(z), j = l,...,m, 

i=l 1=1 

SO h{z){a[gi)u){z) = for all i, therefore, {a{gk)u){z) = 0. The contradiction 
obtained proves 2. □ 

Lemma 5. 1. Algebra Wn is a topological left H-module with respect to the discrete 
topology on H and finite topology on Wn ■ 

2. Conformal algebra Cend„ is a topological left Wn-module with respect to the 
finite topology on Wn and discrete topology on Cend„. 

Proof. It follows from Lemma |4] that the actions of H on Wn and of Wn on Cend„ 
are well defined by the rules 

h ■ a{g) = h{g^^)a{g), a G Cend„, h e H, g e G, (11) 

a{z) - b = {a z b), a,b e Cend„, z e G. (12) 

The associativity condition is obvious for (fTTj) and could be easily checked for ([T^ . 
It remains to show that these maps are continuous. 

1. Suppose Wn 9 ttfc ^ as fc ^ oo. Each ak can be presented in the normal 
form from Lemma |3{2). It is necessary to check that (/i ■ a^) — > for a fixed h € H. 

Indeed, for every a G Cend„, ft. G iJ, g G G we have 

h{i)a{g)h(^_2) = ^(i)-^s/i(-2)a(3) = /i(i)/j(-3)(3)^(-2)a(g) 

= e(ft(i))ft(-2)(g)a(5) = h{g-'^)a{g), 

therefore, 

/i(i)a/c/i(_2) = h - ak- 
Since A{h) — (E) ft(2) involves only a finite number of summands, the sequence 
{h ■ ak) converges to zero in the sense of finite topology on Wn- 

2. Consider a sequence ak and an element x G Cend„. We need to show 
that afc - x = in Cend„ for sufficiently large k- If x = l(8>/'8)a, / G iJ, a G M„(k), 
then the claim obviously follow from the definition of finite topology (the action of 
ak on X can be considered on the columns of / (g) a separately) . Note that 

afc • /ix = ft(2)((/i(-i) • afc) • a;), HgH, 

therefore, statement 1 implies ak ■ hx — as k ^ 0. □ 

Corollary 1. 1. If {ak}k>o is a fundamental sequence if Wn then for every a G 
Cend„ there exists a natural m such that ap ■ a = aq ■ a for all p,q> m- 

2. // a sequence {ak}k>o converges to a ^ Wn as k oo then ak ■ a — a ■ a for 
any a G Cend„ as k ^ 0- □ 

Proposition 3. Algebra Wn ^ EndM„ acts on M„ irreducibly. 

Proof- Note that for every f £ H ~ Mi, f 0, the submodule Wif is an ideal of 
H invariant with respect to left shifts. Hence, Wif = H. 

n 

Consider an arbitrary element u — J2 fk ® & Mn, u ^ 0- Without loss of 

k=l 

generality, assume /i / 0. It is easy to see that for every i = 1, . . . , n and for every 
h G H there exists at^h S Wn such that ai^hU — h ® Ci- ai,h — <8) en, 

3 
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where '^hjL^ fi = h. Therefore, for any v = hk ® & Mn one may build 

n 

a = ^ ckfe,/ifc £ such that au = v. □ 

k=l 

Note that Wn contains the operators T{h) : Mn ^ Mn, r{h)u = hu, h E H, 
u G Mn- Indeed, T{h) — hL^ = (1 ® /i ® E){e), where E is the identity matrix. 

Proposition 4. Let S be a subalgebra ofWn that acts irreducibly on Mn, and sup- 
pose Wn is closed under multiplication by operators r(ft,), h Cz H , on the left and on 
the right, i.e., HS,SH C S. Then the space of S -invariant linear transformations 
of the space Af„ consists of H -module endomorphisms. 

Proof. Denote 

D = Ends Mn := {tp E EndM„ \ (pa = a(p for aU a G S}. 

By the Schur Lemma, Z? is a division algebra. Consider arbitrary elements 7^ a G 
S , f E H , ip E D . Since fa, af G S, we have 

{ipf)a = (fiifa) = {fa)ip = {fip)a. 

Hence, 

[^,f]a={^f-f(p)a = 0. (13) 
Note that ip = ipf — fip E D. Indeed, 

for every j3 E S. Relation (fT5|l implies [</?, /] — 0, and thus E End^f M„. □ 

Lemma 6. If D is a division algebra in End/f M„ that contains idM„ then _D = k. 

Proof. The endomorphism algebra End/f M„ of the free i/-module A/„ is isomor- 
phic to the matrix algebra M„ {H) . Suppose D C M[„ [H] is a division algebra, and 
let X stands for a nonzero element of D such that x ^ hE, where E is the identity 
matrix. 

Since D contains XE for every A G k, the element x + \E E D is nonzero, 
therefore, invertible in D for all A G k. Denote by /(•, A) the function z ^ det(x + 
\E){z), z E G. This is a polynomial in A with coefficients in H. It is clear that 
/(•, A) = A" + • • • -l-det X, (det x){z) 7^ at any point z E G. Since k is algebraically 
closed, for every z E G there exists A G k such that f(z, A) = 0, which is impossible 
since x + XE is invertible. □ 

Theorem 2. If S E Wn is a subalgebra that acts irreducibly on Af„ and HS, SH C 
S then S is a dense (overk) subalgebra o/EndM„. 

Proof. Recall that by the Jacobson Density Theorem (see, e.g., an algebra 

A with a faithful irreducible module M and with a centralizer D — End^ M is a 
dense subalgebra of End/j M with respect to the finite topology. The latter means 
that for an arbitrary linearly independent over D finite set ui, . . . , Um E M and for 
every Vi, . . . , E M , to > 1, there exists a E A such that aui — Vi, i = 1, . . . ,m. 

By Proposition m the centralizer D = Ends Mn is embedded into Endn Mn. It 
follows from Lemma [S] that D = k. Hence, S is dense in EndM„. □ 

Corollary 2. The algebra Wn is dense in EndM„. □ 
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5. Automorphisms and irreducible subalgebras of the conformal algebra 
Cend„. 

Theorem 3. The group of automorphisms of the conformal algebra Cend„ is iso- 
morphic to the group of topological (with respect to the finite topology) H -invariant 
automorphisms of the algebra Wn ■ 

Proof. Let O be an automorphism of the conformal algebra Cend„, i.e., a bijective 
i/-invariant map that preserves all operations (• g ■), g ^ G. Define 9 : Wn Wn 
by the rule 

e{a{g)) = e{a){g), g&G,a& Cend„ . (14) 
If a{g) = then a g Cend„ = 0, therefore, 9(a) g Cend„ = and 6{a{g)) — 
Q{a){g) = by Lemma|H[l). It follows from Lemma|ll[2) that 9 is well-defined on 
Wn by linearity. 

This is straightforward to check that 9 is an _ff-invariant map: 

9{h ■ a{g)) = e{h{g-')a{g)) = h{g-^)Q{a){g) = h ■ {Q{a){g)) = h ■ e{a{g)). 

To prove the continuity of 9, it is enough to show that for an arbitrary converging 
sequence a G Wn its image {9{ak)}k>o converges to 9{a) in Wn- Indeed, the 

definition of 9 implies 

9{ak) ■ 6(a) = 9(afe • a), 9{a) ■ 9(a) Q{a - a), a e Ccnd„, k>0. 

Since 9 is surjective, 9{ak)-a — 9(a)-a for every a e Cend„, k ^ 0,hy Lemma[Sl2). 
For the elements of the form a — {l®fj(E)aj), fj G H, aj G M„(Ik), one may compute 

{9{ak) ■ a)(z)(l (Sv) = 9{ak)ifj ® ajv) = 0, ve k", k > 0, 

therefore, the sequence 9{ak) converges to 9{a). 

The map 9 has an inverse one that can be easily constructed from 9^^. Hence, 
9 is bijective, and its inverse is also continuous. 

It is easy to check that all products are preserved: 

9{a{g)b{z)) = 9i{a g h){zg)) - 9(a g h){zg) = (9(a) g 9(6))(zg) 

= 9(a)(5)9(6)(z) = 9{a{g))9{b{z)). (15) 

Therefore, an arbitrary automorphism 9 of the conformal algebra Cend„ gives 
rise to a continuous _ff-invariant automorphism 9 of the algebra Wn- It follows from 
([T4|) that the map 9 i-^ 6* is a group homomorphism. 

Conversely, let be a continuous _ff-invariant automorphism of Wn - Consider the 
map 9 : Cend^ —>■ Cend„ built by the following rule: for an arbitrary a G Cendn 
set 9(a) : g ^ 9{a{g)), geG- 

To complete the proof, it is enough to show that 9(a) G Cend„ and 9 is an 
automorphism of Cend„. For every /i G -ff , 5 G G we have 

e{a){g)h = 9{a{g))h = /i(2)(/i(-i) • 9{a{g))) = h(^)9{h^_,) ■ a{g)) 

= h(2)h(i){g)9{a{g)) = LghQ{a){g). 

Hence, 9(a) is T-invariant. By Corollary [21 the algebra Wn is dense in EndAf„. 
Therefore, 9 can be expanded, in particular, to the elements a(^) G End M„, f G H* - 
By LemmafTJl), the map ^ 1— > a(^) is continuous, hence, 9a is also continuous. By 
Lemma[l](2) there exists a locally regular map ai : G — > EndM„ such that ai = 9a- 
It is clear that ai = 9(a), hence, 9(a) G Cend„. 

It follows from (fT5)) that 9 preserves (• g •), 5 G G, The continuity of 9^^ implies 
the existence of 9"^ □ 

If G is a conformal subalgebra of Cend„ then by Wn{C) we denote Span]|5{a(f;) 
a G G, 5 G G} C Wn- It is clear that Wn{C) is a subalgebra of W„. 



ON IRREDUCIBLE ALGEBRAS OF CONFORMAL ENDOMORPHISMS 



13 



Definition 5. A conformal subalgebra C C Cend„ is said to be irreducible if Mn 
contains no W„ (C)-invariant i/-submodules except for {0} and M„. 

Recall that a left (right) ideal of an algebra is essential (see, e.g., [Tl]) if it has 
a nonzero intersection with every nonzero left (right) ideal of the algebra. 

Lemma 7. A conformal subalgebra of the form J-{H ® Bq) o/Cend„, where Bq is 
a left ideal o/M„(_ff), is irreducible if and only if Bq is essential. 

Proof. Suppose Bq is an essential left ideal. Then the Goldie theory implies (see, 
e-g-, [H]) that Bq contains a matrix a which is not a zero divisor in M„(i/). Let 
a — ^ fi® ai, fi £ H, a.i £ M„(k). The element x -^(1 ® fi ^ o-i) belongs to 

C = T{H ® Bo), and it follows from ^ that Wnx{z) C T4^„(C) for every z G G. If 

n 

{)^u=^hk®Ck^ Mn then 

n 

x{z)u = ^ ^ L^{fihk) ® OiCk, 

k=l i 

and for z = e we obtain x{e)u = au ^ since a is not a zero divisor. Therefore, 
Wn{C)u 3 Wnx{e)u = Wnttu = M„ by Proposition [HI i.e., M„ does not contain 
even a W„ (C)-invariant subspace. 

Conversely, suppose C = T[H®Bq) is an irreducible subalgebra of Cend„. Since 
iJ is a semiprime Noetherian commutative algebra, the matrix algebra M„(iJ) is 
semiprime left and right Noetherian. In particular, by the Goldie theory M„(iJ) 
is left and right Ore, and its classical (left) quotient algebra Q — Q(M„(i/)) is 
semisimple Artinian. 

Let R stands for the set of all elements of M„(iJ) invertible in Q = i?^^M„(iJ). 
Assume that Bq is not essential. Then R~^Bq is a proper left ideal of Q (else Bq 
contains an element of R, therefore, Bq is essential). By the Wedderburn — Artin 
Theorem, Q is a direct sum of full matrix rings over division algebras. Then R^^Bq 
has a nonzero right annihilator a.nnr{R~^ Bq) in Q. If ^ r^^a £ ann,.(i?^^i3o), 
r £ R, a £ M„(i/), then the right Ore condition implies r^^a ~ bs^^, s £ R, 
^ b £ M.n{H). It is clear that Bob = 0, therefore, Bo has a nonzero right 
annihilator in M„(iJ). 

Denote by M' the i/-submodule of Af„ generated by all u £ Mn such that 
Bqu ~ 0. We have shown M' ^ 0, but for every a £ Bo, h£H,z£G,u£ M' we 
have 

!F{h (g) a){z)u — {ha(^_i^){z~^)a(^2)LzU = h{z~^)Lz{au) ~ 0. 
Hence, M' is a W„ (C)-invariant i/-submodule. This is a contradiction with irre- 
ducibility of C. □ 

Theorem 4. Let C be an irreducible subalgebra o/Cend„. Then Ci = {1(S)H(E)E)C 
is a left ideal of Cend„, Ci — !F{H ® Bq), where Bq is an essential left ideal 
o/M„(i?). 

Proof. Let S = Wn{C). Then 5*1 = HS is also a subalgebra of W„ since a{g)h = 
Lgha{g) ior a £ C, g £ G, h £ H. It is also clear that Ci = {1 ®) H ® E)C is a 
conformal subalgebra of Cend„, and Si_ = W„(Ci). 

If C is irreducible in the sense of Definition [5] then Si = HS acts irreducibly on 
Af„. 

By Theorem [2 5*1 is a dense subalgebra of EndM„. By Lemma [5j2), the con- 
formal algebra Ci can be considered as a topological left S'l-module. 

Suppose {Q!fe}fc>o is a sequence in 5*1 which converges to a G Wn as A; —> oo. 
Then, by Corollary [Tl for every a £ Cend„ there exists a natural m such that 
ak ■ a = a ■ a for all k > m. 
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Hence, for all a S Ci, a = b{g), b £ Cend„, g € G, we have Ci 3 ak ■ a = 
a ■ a = {b g a). Therefore, Ci is a left ideal of Cend„. Proposition [2] implies Ci = 
(g Bq), where Bq is a left ideal of M„(iJ) which is essential by Lemma [71 □ 

li G — {e} then Theorem H] turns into the Burnside Theorem. If G = Ai then 
essential ideals of M„(_ff) are of the form M„(i7)(5, detQ ^ 0. The following 
statement is a corollary of Theorem |4l 

Theorem 5 ([SI [6]). Let C C Cend„ is an irreducible conformal subalgebra (over 
A\ chark = 0). Then either G = Cend„.Q T{H M„{H)Q), detQ / 0, or 
G= {1 (g) P~^){H (g) l(E)Mn(k)){T{l(g) P)), where P eM„{H), detPek\{0}. 

Theorem [Jj is valid not only for connected groups. Let us consider the case 
of "intermediate complexity" between trivial group and afhne line: when G is a 
finite group. In this case H = k[G] ~ (kG)*, where kG is the group algebra of G 
considered as a Hopf algebra in the ordinary way. 

Example 3. Let Gi be a subgroup of a finite group G, V — G/Gi. Then Ggi = 
Cendj^j'^'^-' is an irreducible conformal subalgebra of Cend^j'^''^''. 

Theorem 6. Let G be an irreducible conformal subalgebra of Gend'^''^\ \G\ < oo. 
Then there exists an automorphism 9 of the conformal algebra Cend„ such that 
0(G) = Ggi,x' 

Cgi.x = I ^5 ® J2 ^^9, a)a-a,k \ ag,fc e M„(k) I , 

[gGG fe=lQeGfc J 

where Gi is a subgroup of G, {Gi, . . . , Gp} = {gGi \ g G G}, and x : G x G ^ k* 
is a function satisfying the following condition: for every g,h ^ G, A: G {1, . . . ,p} 
the value 

does not depend on the choice of a representative 7 G Gk ■ 

For example, if x = 1 then the conformal algebra Cend^''^^'^^ is isomorphic to 

Proof. Sine H — Span{Tg | g € G}, Tg{j) = Sg^^, then TgT^ — 5g^^Tg, and 

every conformal subalgebra G of Cend„ = H (g) H (S) M„(k) can be presented as 

G = kTg Sg, where Sg = {x & H (g M„(k) \Tg(E)xGG}. 
geG 

It is easy to see that Se is a subalgebra oi H (g) M„(k). Moreover, 

SgiLg-iSh)CSgh (16) 

for all g,h ^ G. 

Let us identify H(g)M.n (k) with M„ (k) and denote by Hg, g £ G, the canonical 

tea 

projections Se M„(k). 

If G is irreducible then Theorem [31 implies 

^(T^ (g) l)5g = cg)M„(k) (17) 

for each g E G. Thus, Se is a subdirect sum of matrix algebras, hence, S = 
Ii (B ■ ■ ■ ® Ip, where Lk — M„(k) are two-sided ideals of Se- Denote Gk — {g & G \ 
TTgilk) 7^ 0} C G, fc = 1, . . . ,p. Since 4./; = for fc ^ we have Gfc n G; = 0. It 

follows from (fTTj) that G = IJ Gk- Let us enumerate the sets Gk in such a way 

i<fe<p 

that e e Gi. 
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The maps tt^ : Ik M„ (k), g <E Gk, are isomorphisms. Therefore, 

[k=lgeGk J 

where 9g, g G G, are automorphisms of the algebra M„(k). 

Relation ([T7]) also implies that for every g,^ G G, a £ M„(k) there exists x G Sg 
such that T^x := (T^ (g) l)x = T^®a. 

Lemma 8. T/ie set Gi is a subgroup of G, and G/Gi — {gGi \ g G G} — {Gk | 
fc = l,...,p}. 

Proof. Assume there exist k,m e g e G such that gGk n G„i ^ 0, Gm- 

Consider an arbitrary x — ® a-y G Sg, a^^ ^ for some 70 £ gGk n Gm- 

-yeG 

Then by ^ and (HE]), we have 

2/1 = ^ T^®a^G Sg, 2/2 = ^ ® e S'g. 

Let us choose z G 5*^-1 in such a way that T^gZ — T^^ ® E and w — y2Lg-iz € Se- 
The element w has the following properties: T^qW = 7^ 0, T-yW — for 7 6 
Gm \ gGk- This is a contradiction to (fT8|) . 

Therefore, left multiplication by g G G permutes the sets {Gi, . . . , Gp}. □ 

Lemma 9. 1. Let (Jg^a £ EndM„(k), g,a G, be a collection of bijective linear 
transformations. Define an H-linear map a by the rule 

a : Cend„ Cend„, 

(19) 

Tg (X)T„ ® a Tg (gjTa a'^"'", 5, a G G, a £ M„(k). 

The map a is an automorphism of the conformal algebra Cend„ if and only if 
{aby^'^-" = a'"s.°6''''.9-^° for all a,b e M„(k), g,h,ae G. 

2. For an arbitrary set 6a, a Cz G, of automorphisms of the algebra M„(k) there 
exists an automorphism a of the form (jl9p such that a^^a — - 



Proof. To prove first statement, it is enough to check the condition a{x g y) = 
a(x) g a{y), x,y € Cend„, g e G. 

To prove the second one, consider matrices G M„(k) such that T^^aTa = , 
and define a'^f'" = a^^Eg^a, where Eg^a = T'^Tg-i^, g,a G G, a e M„(k). It is 
easy to check that the maps a-g a £ EndM[„(k) constructed satisfy the conditions 
of statement 1. □ 

Therefore, we may suppose that for the conformal subalgebra G C Cend„ we 
have Se = 0^=1 Ak «) M„(k), where Ak = HY^geG^ '^9) ^ H. For others g G G 
the structure of the space Sg can be clarified by means of (fTC|) and (flT)) . Namely, 

[fe=l7GGfc 

where Ug^^ are some bijective linear transformations of M„(k). To be more precise, 
fix a system of representative gk G Gk and assume <yg,gf. = id, fc = 1, . . . ,p. 
Consider elements of the form 

p 

x = ^ ^ r„®£;'^'.° G y=Y,Ti3(SbeSe, 

k=laGGk l3eG 

where b G M„ (k) is an arbitrary matrix. Comparing the expressions 

(Te (g> y) e [Tg ®x)=Tg®z, [Tg ® x) g-1 (Tg (g)y)^Tg(g) z', 
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we may conclude that TTg^, (z) = Trg^{z') — b ioi all k ~ 1, . . . ,p. It is easy to derive 

where x{9i9k) — 1- Using the relation p6p it is not difhcult to obtain the following 
relations for 

X{9,a)x{h,g^'^a) ^ X{h,9^^9k)x{9h,a), a £ Gk, g,heG. 

Since C = Tg ® Sg, vfe obtain G — Ggi,x- '-' 
see 
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